Abstract The rock-paper-scissors game, commonly played in East Asia, gives a simple model to understand physical, biological, psychological and other problems. The interacting rock-paper-scissors particle system is a point of contact between the kinetic theory of gases by Maxwell and Boltzmann ( collision model) and the coagulation theory by Smoluchowski ( coalescence model). A 2s+1 types extended rock-paper-scissors collision model naturally introduces a nonlinear integrable system. The time evolution of the 2s + 1 types extended rock-paper-scissors coalescence model is obtained from the logarithmic time change of the nonlinear integrable system. We also discuss the behavior of a discrete rock-paper-scissors coalescence model.
Introduction
The rock-paper-scissors game is commonly played in East Asia. The cyclic dominance systems naturally occurs in biological systems as color morphisms of the side-blotched lizard [23] and strains of Escherichia coli [19] . The types, rock paper and scissors, can also represent social groups, opinions, or survival strategies of organisms in a preferential attachment graph model [9] .
Considering simple models [18] for kinetic theory of gases by Maxwell and Boltzmann, we introduced a collision model of rock (type 1), paper (type 2), and scissors (type 3) particles with cyclic dominance Fig. 1 , where 2 dominates 1, 3 dominates 2, and 1 dominates 3, and obtained a Lotka-Volterra equation [10] ( the Boltzmann equation for the rock-paper-scissors particles). We can extend the argument to the 2s + 1 types rock-paper-scissors particles [13] , which gives a nonlinear integrable system [3, 15, 17, 22] with s + 1 conserved quantities like the Toda lattice [28] and the Calogero system [4] . For the case of finite number of particles, the probability of coexistence of types is obtained by using s + 1 martingales, which are stochastic version of the s + 1 conserved quantities [11, 14] . The rock-paper-scissors lattice model greatly enriches the dynamics as studied in the physics literatures [7, 6, 20, 25, 26, 27] .
We introduce a coalescence model of rock-paper-scissors particles as in Fig. 2 . For a given initial distribution of the particles of rock (type 1), paper (type 2) and scissors (type 3), what type of the particle will finally survive? As we see in Fig. 3 and Fig. 4 it gives a leader selection problem, which is for another aspect of the previously studied problem [8] . We carried out simulation studies for the coalescence model of rock-paper-scissors particles [12] for finite size fluctuation, where the total number of particles decreases at each step. Cyclic trapping reactions for finite size fluctuations [2] gives insights to the behavior of our model for finite size.
Here we study the time evolution of the coalescence model of rock-paperscissors particles with sufficiently large number of particles. We apply the study of coalescence of clusters [1, 21, 24 ] to our problem. Let us follow the argument [21] for the simplest case. Infinite set of master equations that describe how the cluster mass distribution n k (t) evolves by the rule
, in which clusters of mass i and j irreversibly join to form a cluster of mass i + j, is given by
The first term on the right-hand side is for the creation of a k-mers due to the coalescence of two clusters of mass i and j, we sum over all such pairs with i + j = k. The factor 1/2 in the gain term is needed to avoid double counting. Instead of Eq. (1), the rock-paper-scissors coalescence in Fig 2 is represented as,
There are several solvable cases for the Smoluchowski coalescence equations [1] for the size of clusters. The "Boltzmann equation" for the collision model of the extended 2s + 1 types rock-paper-scissors particles is a nonlinear integrable system [3, 15, 17, 22] . Consider the time evolution of the relative abundance (concentration ratio), as in [21] , for the "Smoluchowski equation" of the coalescence of extended 2s + 1 types rock-paper-scissors particles. It is obtained by a logarithmic time change of the nonlinear integrable system, as will be shown in Section 4.
Figure 1: Rock-paper-scissors collision model [10] 2 Smoluchowski equation for coalescence of rock-paper-scissors particles The Smoluchowski coagulation model is for the time evolution of distribution of cluster size as Eq. (1), while our coalescence model given by the following
Figure 2: Rock-paper-scissors coalescence model [11] .
1), 2), 3) and 4) is for the distribution of particle types of rock, paper and scissors. 1) There are 3 types (rock, paper, scissors) of particles 1, 2, 3 whose numbers of particles at time t, are n 1 (t), n 2 (t), n 3 (t) respectively, for which n 1 (t) + n 2 (t) + n 3 (t) = n(t).
2) Each particle coalescence with other particles dt times on the average per time length dt.
3) Each particle is in a chaotic bath of particles. Each coalescence pair is equally likely to be chosen. 4) By a coalescence of a particle of type i and a particle of type j, the two particles become one particle of type i, if i − j ≡ 0, 1 (mod 3), otherwise become one particle of type j as Eq. (3), as also shown in Fig. 2 .
Examples of trees generated by our coalescence model are shown in Fig.  3 and Fig. 4 .
We have the master equation
Figure 3: Possible tree of coalescence model: starting from n(0) = 4 particle. By the coalescence of a particle of 2 (paper) and the particle of 3 (scissors) the particle of 3 survives. By the coalescence of a particle of 1 (rock) and the particle of 2 the particle of 2 survives. By the coalescence of the two survivors the particle of type 3 (scissors) survives finally.
We have
which will be studied for a general 2s + 1 hands rock-paper-scissors particles in Section 4.
3 Collision model of 2s+1-rock-paper-scissors particle Consider the model defined by the following 1), 2), 3), and 4). 1) There are 2s+1 types rock-paper-scissors particles 1, 2, ..., 2s+1 whose abundances at time t, are n 1 (t), n 2 (t), ..., n 2s+1 (t) respectively, for which n 1 (t) + n 2 (t) + ... + n 2s+1 (t) = n(t).
2) Each particle collides with other particles dt times on the average per time length dt.
3) Each particle is in a chaotic bath of particles. Each colliding pair is equally likely to be chosen.
Figure 4: Possible tree of coalescence model: starting from n(0) = 4 particle, by the coalescence of a particle of 2 (paper) and a particle of 3 (scissors), the particle of 3 survives, then by the coalescence with the particle of 1 (rock), the particle of 1 survives. By the coalescence of the particle of 1 and the particle of 2 the particle of 2 (paper) survives finally.
4) By a collision a particle of type i and a particle of type j become two particles of type i, if i − j ≡ 0, 1, ..., s(mod 2s + 1), otherwise become two particles of type j as Eq. (14), as also shown in Fig. 1 for the case s = 1.
For the collision model of 2s + 1 types of rock-paper-scissors particles, we extend the rule of the rock-paper-scissors particles by the cyclic dominance rule,
as shown in Fig 1 for the case s = 1.
The total number of particles n(t) is time invariant. The relative abundance for each type of particles [10, 13] is given by the master equation
Consider 2r +1 types out of the 2s+1 types A 1 , ..., A 2s+1 . If each of the 2r +1 types dominates the other r types and is dominated by the other remained r types, then we say the 2r + 1 types are in a regular tournament. Take 2r + 1 particles at random from our system of the 2s + 1 types A 1 , ..., A 2s+1 of particles Eq. (9) . Let H r ( P (t)) for P (t) ≡ (P 1 (t) , ..., P 2s+1 (t)), be the probability that the 2r + 1 particles whose corresponding 2r + 1 types are in a regular tournament. Then we have the s + 1 conserved quantities [15] H r ( P (t)) = H r ( P (0)), for r = 0, ..., s.
For example, for the case 2s + 1 = 5, we have the conserved quantities
Eq. (9) is a nonlinear integrable system [3, 15, 17, 22 ].
Coalescence model of 2s+1-types rock-paperscissors particles
We consider the coalescence model defined by the following 1), 2), 3) and 4). 1) There are 2s+1 types rock-paper-scissors particles 1, 2, ..., 2s+1 whose abundances at time t, are n 1 (t), n 2 (t), ..., n 2s+1 (t) respectively, for which n 1 (t) + n 2 (t) + ... + n 2s+1 (t) = n(t).
3) Each particle is in a chaotic bath of particles. Each coalescence pair is equally likely to be chosen. 4) By a coalescence a particle of type i and a particle of type j become one particles of type i, if i − j ≡ 0, 1, ..., s(mod 2s + 1), otherwise become one particle of type j as
We have for i = 1, 2, ..., 2s + 1,
which shows
where n(t) = n 1 (t) + n 2 (t) + · · · + n 2s+1 (t). Since
we have
As in [21] ), "one useful trick that often simplifies master equations is to eliminate the loss terms by considering concentration ratios, rather than the concentrations themselves". We have from Eq. (16) ∂ ∂t
Putting
For u = log[t + 2 n(0) ], considering
Since
), for i = 1, ..., 2s + 1.
Hence for the solution P i (u) to the nonlinear integrable system Eq. (??), we have
Thus we see the dynamical system of the 2s + 1 types rock-paper-scissors coalescence model is obtained by a logarithmic time change to Eq. (9) of the 2s + 1 types rock-paper-scissors collision model. We can extend our argument to the infinitely many types rock-paperscissors particles coalescence model. Eq. (9) for the collision model is extended to
where P (x, t) = P (x + 2π, t) for each x, P (x, t) being the probability density for a point on the unit circle [5, 16] . The logarithmic time change to Eq. (28) gives the dynamics of infinitely many types rock-paper-scissors particles coalescence model.
Surviver for a discrete model
Starting from a given initial state, what type of particle finally survives? Let us consider a discrete time model. We assume one coalescence takes place in a unit time instead of 2) in Section 2. Some possible cases are in Fig. 3 and in Fig. 4 starting from four particles. Here we show the simulation result in Fig. 5 and Fig. 6 As for collision model, we have martingales instead of conserved quantities and can discuss the probability of coexistence of type. At time 0, there are 150 rock particles, 100 paper particle and 50 scissors particles at time 0. A particle of scissors survives finally [12] Figure 6: Relative abundance for the discrete time model [12] 
